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NORMAL COMPLEX SYMMETRIC WEIGHTED
COMPOSITION OPERATORS ON THE HARDY SPACE
HANG ZHOU AND ZE-HUA ZHOU
∗
Abstract. In this paper, we investigate the normal weighed com-
position operators Wψ,ϕ which is J−symmetric, C1−symmetric
and C2−symmetric on the Hardy spaceH
2(D) respectively. Firstly,
equivalent conditions of the normality of C1−symmetric and C2−symmetric
weighted composition operators on H2(D) is given. Furthermore,
the normal J−symmetric, C1−symmetric and C2−symmetric weighted
composition operators onH2(D) when ϕ has an interior fixed point,
ϕ is of hyperbolic type or parabolic type are respectively investi-
gated.
1. Introduction
Let B(H) be the algebra of all bounded linear operators on a sepa-
rable complex Hilbert space H. A conjugation on H is an anti-linear
operator C : H → H satisfying 〈Cx,Cy〉 = 〈y, x〉 for all x, y ∈ H and
C2 = I. An operator T ∈ B(H) is said to be complex symmetric if
there exists a conjugation C on H such that T = CT ∗C. In this case,
we say that T is complex symmetric with the specific conjugation C.
As it is already known, normal operator, Hankel operators, compressed
Toeplitz operators and the Volterra operators are complex symmetric.
Details on the complex symmetric operators were introduced by Garcia
and Putinar in [7] and [8] and the references therein.
Let D be the unit disk of the complex plane C. Let H(D) and S(D)
denote the collection of all analytic functions on D and all holomorphic
self-maps of the unit disk respectively. The n-th iterates of an analytic
self-map ϕ ∈ S(D), is denoted by ϕn with ϕ0 standing for the identity
function, where n = 1, 2, · · · . The one-to-one holomorphic function
which maps D onto itself, called the M o¨bius transformation, denoted
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by Aut(D), with the form λϕa, where |λ| = 1 and ϕa is the defined
by ϕa(z) =
a−z
1−az
, a, z ∈ D. The Hardy space, denoted by H2(D), is the
collection of analytic functions f(z) =
∑∞
n=0 anz
n such that
‖f‖2 =
∞∑
n=0
|an|
2 <∞, z ∈ D,
alternatively,
‖f‖2 = sup
0<r<1
1
2pi
∫ 2pi
0
|f(reiθ)|2dθ.
For each w ∈ D, the reproducing kernel at w is defined by
Kw(z) =
1
1− wz
, z ∈ D.
It is easy to check that for f ∈ H2(D), 〈f,Kw〉 = f(w). The normalized
reproducing kernel at w is defined by kw(z) =
(1−|w|2)
1
2
1−wz
.
The composition operator Cϕ induced by ϕ ∈ S(D) is defined as
Cϕf(z) = f ◦ ϕ(z), f ∈ H(D), z ∈ D. Given ψ ∈ H(D), then the point-
wise multiplication operator Mψ(f) = ψ · f for all f ∈ H(D) can be
induced. Combining the composition operator Cϕ and the multiplica-
tion operator Mψ, the weighted composition operator Wψ,ϕ is defined
by
Wψ,ϕf(z) = ψ(z)f(ϕ(z)), f ∈ H(D).
We refer to the book [6] for more details about the composition oper-
ators on the spaces of analytic functions.
The study of complex symmetric (weighted) composition operators
has a history of several years, see, e.g. [1, 9, 10, 11, 13, 16, 17, 18]. Since
normal operators are complex symmetric, it is natural to ask that are
there normal complex symmetric (weighted) composition operators on
H2(D)? As it was proved in [13], all J−symmetric composition oper-
ators are normal (see, Corollary 3.10 in [13]), where J is the standard
conjugation with J f(z) = f(z) for f ∈ H(D). Furthermore, Junga
etc. in [13] presented the equivalent conditions for a J−symmetric
weighted composition operator to be normal (see, [13] Corollary 3.7).
In [15], Lim and Khoi classified the weighted anti-linear conjugation
Au,v into two cases C1 and C2 and presented the equivalent conditions of
the C1−symmetric and C2−symmetric Wψ,ϕ on Hγ(D). In [2], Bourdon
and Narayan investigate the normality ofWψ,ϕ onH
2(D) when ϕ has an
interior fixed point or a Denjoy-Wolff point on D respectively. Thus it is
natural to find all normal C1−symmetric and C2−symmetric weighted
composition operators.
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Furthermore, arose by the open question raised by Noor in [17] that
“Does there exist a non-constant and non-automorphic symbol ϕ for
which Cϕ is complex symmetric but not normal on H
2(D)?”, we are
also interested in another question: What are the normal complex sym-
metric Wψ,ϕ with ϕ ∈ Aut(D) on H
2(D)?
In this paper, our work base on the known J−symmetric, C1−
symmetric and C2−symmetric weighted composition operators. Firstly,
we present the equivalent conditions of normal C1−symmetric and C2−symmetric
weighted composition operators on H2(D) according to the fixed point
of the induced symbol ϕ. Furthermore, we investigate the normal
J−symmetric, C1−symmetric and C2−symmetric weighted composi-
tion operators on H2(D) when ϕ has an interior fixed point, ϕ is of
hyperbolic type or parabolic type respectively.
It is noted that some results in this paper contains trivial but tedious
calculations. We only show some essential details and omit the tedious
part for the convenience of readers.
2. Preliminaries
2.1 Cowen’s formula for the adjoint of a linear-fractional
composition operator
For a non-constant linear-fractional self-map of the unit disk, Cowen
in [4] established the important formula C∗ϕ = MgCσM
∗
h , where the
Cowen auxiliary functions are defined as follows:
g(z) =
1
−bz + d
, σ(z) =
az + c
−bz + d
, h(z) = cz + d. (2.1)
2.2 Normality of weighted composition operators
In [2] Bourdon and Narayan described all normal weighted compo-
sition operators Wψ,ϕ on H
2(D), where ϕ has an interior fixed point.
They also presented an equivalent condition of the normality of Wψ,ϕ
if ϕ has a Denjoy-Wolff point on D. The results is of vital importance
for our work and thus we show them as follows.
Proposition 2.1. [[2],Theorem 10 ] Suppose that ϕ has a fixed point
p ∈ D. Then Wψ,ϕ is normal if and only if ψ = ψ(p)
Kp
Kp◦ϕ
and ϕ =
ϕp ◦ (δϕp), where ϕp(z) =
p−z
1−pz
and δ ∈ C with |δ| ≤ 1.
Proposition 2.2. [[2],Theorem 12 ] Suppose that ϕ(z) = az+b
cz+d
is a
linear-fractional self-map of the unit disk and ψ = Kσ(0), where σ(z) =
az−c
−bz+d
. Then Wψ,ϕ is normal if and only if
|d|2
|d|2 − |b|2 − (ba− dc)z
Cσ◦ϕ =
|d|2
|d|2 − |c|2 − (bd− ca)z
Cϕ◦σ.
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Remark 2.3. It is easily checked that
|d|2
|d|2 − |b|2 − (ba− dc)z
Cσ◦ϕ =
|d|2
|d|2 − |c|2 − (bd− ca)z
Cϕ◦σ
is equivalent with
|ϕ(0)| = |σ(0)| and ϕ ◦ σ = σ ◦ ϕ. (2.2)
(see, also, [[14], Proposition 4.6])
Bourdon and Narayan also showed that if ϕ is a linear-fractional
self-map of parabolic type and ψ = Kσ(0), then Wψ,ϕ is normal. Fur-
thermore, they showed that no hyperbolic non-automorphic linear-
fractional map can induce a normal weighted composition operator
under the condition of Theorem 2.2 (see, [[2], Proposition 13] and the
remarks below).
2.3 Complex symmetric weighted composition operators on
the Hardy space
In [15] Lim and Khoi presented the equivalent conditions of
J−symmetric, C1−symmetric and C2−symmetric weighted composi-
tion operators Wψ,ϕ on Hγ(D), which obviously contains the results
on H2(D). Since our work is based on their results, we show them as
follows. The first theorem can be obtained by [[15],Proposition 2.3].
Proposition 2.4. Wψ,ϕ is J−symmetric if and only if for each z ∈ D,
ψ(z) = b
1−aoz
and ϕ(z) = a0 +
a1z
1−a0z
, where a0 ∈ D, a1 ∈ D and b ∈ C.
Let u ∈ H(D) and v ∈ S(D), for each f ∈ H2(D) and z ∈ D, the
weighted anti-linear operator Au,v on H
2(D) is defined by
Au,v = u(z)f(v(z)),
which is a generalization of the standard conjugation J . Observe that
Wu,v = Au,vJ and Au,v = Wu,vJ . It is proved (see, Theorem 2.11 in
[15]) that Au,v : H
2(D) → H2(D) is a conjugation if and only if it has
either of the following form:(i) there exists α, λ ∈ ∂D such that for all
z ∈ D,
u(z) = λ and v(z) = αz. (2.3)
(ii) there exist α ∈ D \ {0} and λ ∈ ∂D such that for all z ∈ D,
u(z) = λkα(z) and v(z) =
α
α
α− z
1− αz
. (2.4)
As it is noted in [15], C1 denotes Au,v with u and v of the form (2.3)
and C2 denotes Au,v with u and v of the form (2.4). Then the two
theorems in the following have their roots in [[15],Theorem 3.1] and
[[15],Theorem 3.2].
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Proposition 2.5. Wψ,ϕ : H
2(D) → H2(D) is C1−symmetric if and
only if for all z ∈ D,
ψ(z) =
d
1− αc0z
and ϕ(z) = c0 +
c1z
1− αc0z
, (2.5)
where c0, c1 ∈ D and d ∈ C.
Proposition 2.6. Wψ,ϕ : H
2(D) → H2(D) is C2−symmetric if and
only if for all z ∈ D,
ψ(z) =
d(c20 − αc1)
c20 − αc1 − (c1 − c2)z
and
ϕ(z) =
α(αc20 − c1)− (|α|
2c1 − c2)z
α(c20 − αc1)− α(c1 − c2)z
, (2.6)
where c0, c1, c2, d ∈ C.
3. Complex symmetric Wψ,ϕ with ϕ ∈ Aut(D)
In [15], the authors presented the explicit form of the J−symmetric
weighted composition operator Wψ,ϕ with ϕ ∈ Aut(D).
Lemma 3.1. Let ϕ(z) = a0+
a1z
1−a0z
be the form in Theorem 2.4, where
a0, a1 ∈ D. Then ϕ ∈ Aut(D) if and only if
(i) there exists γ ∈ D\{0} such that ϕ(z) = γ
γ
γ−z
1−γz
, where γ = a1+1
a0
, z ∈
D.
(ii) there exist β ∈ ∂D such that ϕ(z) = βz, where β = a1, z ∈ D.
Proof. The necessity is from [[15], Proposition 2.8] and the sufficiency
is obviously checked.
However, the explicit forms of the C1−symmetric and C2−symmetric
Wψ,ϕ with ϕ ∈ Aut(D) are still unknown. Since it is essential for
our study in this paper, we prove them in a similar way with [[15],
Proposition 2.8].
Lemma 3.2. Let ϕ be the form (2.5). Then ϕ ∈ Aut(D) if and only if
(i) there exists γ ∈ D \ {0} such that
ϕ(z) =
γ
γα
γ − z
1− γz
, (3.1)
where γ = c0
αc2
0
−c1
, z ∈ D.
(ii) there exist β ∈ ∂D such that ϕ(z) = βz, where β = c1, z ∈ D.
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Proof. Since ϕ ∈ Aut(D), there exists γ ∈ D \ {0}, β ∈ ∂D such that
ϕ(z) = β
γ − z
1 − γz
. (3.2)
Equating ϕ(z) =
c0+(c1−αc20)z
1−αc0z
from (2.5) and (3.2), we have that
c0 + (c1 − αc
2
0 − γc0)z − γ(c1 − αc
2
0)z
2 = βγ − (β + βαγc0)z + αβc0z
2.
Comparing the constants and the coefficients of z and z2 respectively,
c0 = βγ, (3.3)
c1 − αc
2
0 − γc0 = −β(1 + αγc0), (3.4)
− γ(c1 − αc
2
0) = αβc0. (3.5)
If γ = 0, then the second form of this lemma is proved.
If γ ∈ D \ {0}, we substitute (3.3) into (3.5) to obtain that c1 =
(|γ|2−1)αβ2γ
γ
. Then substituting c0 and c1 again into (3.4), we obtain
that β2αγ(|γ|2 − 1) = βγ(|γ|2 − 1). Since |γ| 6= 1 and β 6= 0, we have
that β = γ
αγ
. Then we have
ϕ(z) =
βγ + ( (|γ|
2−1)αβ2γ
γ
− α(βγ)2)z
1− αβγz
=
γ
γα
γ − z
1− γz
,
where we omit the tedious calculation. Moreover, an easy calculation
shows that γ = c0
αc2
0
−c1
. The converse part is obviously checked. This
completes the proof. ✷
Lemma 3.3. Let ϕ be the form (2.6). Then ϕ ∈ Aut(D) if and only if
(i) there exists γ ∈ D \ {0} such that
ϕ(z) =
|α|2 − αγ
αγ − |α|2
γ − z
1− γz
, z ∈ D, (3.6)
where
γ =
α(αc20 − c1)
|α|2c1 − c2
.
(ii) ϕ(z) = z, z ∈ D.
Proof. Since ϕ ∈ Aut(D), there exists γ ∈ D \ {0}, β ∈ ∂D such that
ϕ(z) = β
γ − z
1 − γz
. (3.7)
Equating ϕ(z) =
α(αc2
0
−c1)−(|α|2c1−c2)z
α(c2
0
−αc1)−α(c1−c2)z
from (2.6) and (3.7) and compar-
ing the constants and the coefficients of z and z2 respectively, we have
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that
γ(|α|2c1 − c2) = βα(c1 − c2), (3.8)
α(αc20 − c1) = βγα(c
2
0 − αc1), (3.9)
γα(αc20 − c1) + (|α|
2c1 − c2) = αβγ(c1 − c2) + βα(c
2
0 − αc1). (3.10)
If γ = 0, then we get c1 = c2, c
2
0 =
c1
α
since α, β 6= 0 and
|α|2c1 − c2 = βα(c
2
0 − αc1). (3.11)
Putting c1 = c2, c
2
0 =
c1
α
into (3.11), we have that β = −1. It follows
that ϕ(z) =
α(α
c1
α
−c1)−(|α|2−1)c1z
α(
c1
α
−αc1)
= z, which implies the second part of
this lemma.
If γ ∈ D \ {0}, then combining (3.8), (3.9) and (3.10), we have that
|α|2c1−c2
αc2
0
−c1
= α
γ
and |α|
2c1−c2
c2
0
−αc1
= αβ, which implies that
c20 =
1
α
|α|2βγ − α
βγ − α
c1 (3.12)
c2 = (1−
αγ
α
|α|2 − 1
βγ − α
)c1. (3.13)
Putting c20 and c1 into
|α|2c1−c2
c2
0
−αc1
= αβ, we get
β =
|α|2 − αγ
αγ − |α|2
. (3.14)
Then we have
ϕ(z) =
α(αc20 − c1)− (|α|
2c1 − c2)z
α(c20 − αc1)− α(c1 − c2)z
=
α(α 1
α
|α|2βγ−α
βγ−α
c1 − c1)− (|α|
2c1 − (1−
αγ
α
|α|2−1
βγ−α
)c1)z
α( 1
α
|α|2βγ−α
βγ−α
c1 − αc1)− α(c1 − (1−
αγ
α
|α|2−1
βγ−α
)c1)z
= β
γ − z
1 − γz
.
Moreover, an easy calculation shows that γ =
α(αc2
0
−c1)
|α|2c1−c2
. The converse
part is obviously checked. This completes the proof. ✷
4. Normal J−symmetric Wψ,ϕ with ϕ ∈ Aut(D)
This first proposition in the following give an equivalent condition of
J−symmetric weighted composition operators to be normal, which is
from Corollary 3.7 in [13].
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Proposition 4.1. Wψ,ϕ : H
2(D) → H2(D) is J−symmetric and nor-
mal if and only if ψ(z) = b
1−aoz
, ϕ(z) = a0 +
a1z
1−a0z
and
ℑa0 − |a0|
2ℑa0 + ℑa0a1 = 0, (4.1)
where a0, a1 ∈ D, b ∈ C, z ∈ D.
Remark 4.2. Note that the proposition above can also be proved by
Proposition 2.2 with the equivalent condition (2.2).
In the following, we investigate the normal J−symmetric weighted
composition operators with automorphism symbols.
Corollary 4.3. Suppose that ϕ satisfies the hypothesis in Proposition
4.1. Then ϕ ∈ Aut(D) if and only if it has either of the following
forms:
(i) there exists α ∈ D\{0} and β ∈ ∂D such that ϕ(z) = α
α
α−z
1−αz
, z ∈ D.
(ii) there exist β ∈ ∂D such that ϕ(z) = βz, z ∈ D.
Proof. By Lemma 3.1, we are only supposed to check (4.1). If there
exists α ∈ D \ {0} and β ∈ ∂D such that ϕ(z) = α
α
α−z
1−αz
, where a0 = αβ
and a1 =
β2α(|α|2−1)
α
. Substituting a0 and a1 into (4.1), we have that
ℑαβ − |αβ|2ℑαβ + ℑαβ
αβ2(|α|2 − 1)
α
= 0.
Furthermore, the second part is trivial to be checked. This completes
the proof. ✷
Observe that Proposition 2.2 doesn’t require that ϕ has an interior
fixed point (In fact, some special ϕ with interior fixed point and δ with
|δ| ≤ 1 are included in Proposition 2.2, e.g. p = 0, δ 6= 1 or p 6= 0,
δ = 1 or p 6= 0, δ 6= 1, |δ| = 1).
In the following, we give three examples by Proposition 4.1 when ϕ
has an interior fixed point, ϕ is of hyperbolic type or parabolic type
respectively.
Example 4.4. Suppose that ϕ has an interior fixed point p ∈ D, ϕ
is nonconstant. Then Wψ,ϕ : H
2(D) → H2(D) is J−symmetric and
normal if and only if
ψ(z) = γ
1− p2
1− p2δ + p(δ − 1)z
, ϕ(z) =
p(1− δ) + (δ − p2)z
1− p2δ + p(δ − 1)z
,
where γ = ψ(p) ∈ C, p ∈ (−1, 1), z ∈ D.
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Proof. Suppose that ϕ, ψ have the form in Proposition 2.1, i.e.,
ψ(z) = γ
1− |p|2
1− |p|2δ + p(δ − 1)z
, (4.2)
ϕ(z) =
p(1− δ) + (δ − |p|2)z
1− |p|2δ + p(δ − 1)z
(4.3)
Since Wψ,ϕ is J−symmetric, ψ, ϕ should coordinate with the form
in Proposition 2.4, i.e.,
ψ(z) =
ψ(0)
1− a0z
, (4.4)
ϕ(z) =
(a1 − a
2
0)z + a0
1− a0z
. (4.5)
Equating (4.2) and (4.4), then comparing the constants and the co-
efficients of z and z2 respectively, we have that
ψ(0) =
γ(1− |p|2)
1− |p|2δ
, a0 =
p(1− δ)
1− |p|2δ
. (4.6)
In fact, substituting ψ(0) and a0 of the forms above into (4.4), we get
(4.2).
In the sequence, equating (4.3) and (4.5), then comparing the con-
stants and the coefficients of z and z2 respectively, we have that
a0 =
p(1− δ)
1− |p|2δ
, (4.7)
a1 = a
2
0 +
a0(|p|
2 − δ)
p(δ − 1)
, (4.8)
(a1 − a
2
0)(1− |p|
2δ) + p(δ − 1)a0 = (δ − |p|
2)− p(1− δ)a0. (4.9)
Comparing (4.6) and (4.7), we get p ∈ R. Furthermore, substituting
(4.7) and (4.8) into (4.9), we get (p−p)δ+(p−p)δ|p|4−(p−p)2δ|p|2 = 0,
which is trivial. In fact, substituting a0 =
p(1−δ)
1−p2δ
, a1 = δ
(p2−1)2
(1−p2δ)2
into
(4.5), we also get (4.3). This completes the proof. ✷
Corollary 4.5. Suppose that ϕ satisfies the hypothesis in Example 4.4,
then ϕ ∈ Aut(D) if and only if it has either of the following forms:
(i) ϕ(z) = β α−z
1−αz
, where α = p(1−δ)
1−p2δ
∈ D, β = p
2−δ
1−p2δ
∈ ∂D and δ ∈
∂D, z ∈ D.
(ii) ϕ(z) = δz, where δ ∈ ∂D, z ∈ D.
Proof. By Lemma 3.1, if there exist α ∈ D \ {0} and β ∈ ∂D such
that ϕ(z) = α
α
α−z
1−az
, where a0 = αβ and a1 =
β2α(|α|2−1)
α
. By the proof
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of Example 4.4, equating a0 = αβ and a0 =
p(1−δ)
1−p2δ
, we obtain that
α = p(1−δ)
1−p2δ
since β = α
α
. Likewise, equating the two forms of a1, and
substituting α = p(1−δ)
1−p2δ
into it, we obtain that 1−δ
1−p2δ
= 1−δ
p2−δ
. Hence,
β = α
α
= p
2−δ
1−p2δ
. Since β ∈ ∂D, we get δ ∈ ∂D. In fact, substituting α, β
into ϕ(z) = α
α
α−z
1−αz
, we get (4.3) by an easy calculation. Otherwise, if
there exist β ∈ ∂D such that ϕ(z) = βz, then obviously β = δ. This
completes the proof. ✷
Example 4.6. There is no J−symmetric and normal weighted com-
position operator Wψ,ϕ : H
2(D)→ H2(D) if ϕ is a hyperbolic automor-
phism linear-fractional self-map with Denjoy-Wolff point 1 ∈ ∂D.
Proof. The result can be similarly proved by Example 5.5.
Example 4.7. There is no J−symmetric and normal weighted com-
position operator Wψ,ϕ : H
2(D) → H2(D) if ϕ is a hyperbolic non-
automorphism linear-fractional self-map.
Proof. The result can be directly obtained by the remark below
Proposition 13 in [2].
Example 4.8. The weighted composition operator Wψ,ϕ : H
2(D) →
H2(D) is J−symmetric and normal when ϕ is a parabolic linear-fractional
self-map if and only if ψ(z) = d
1−a0z
and ϕ has either of the following
forms:
(i) ϕ(z) = (1−2a0)z+a0
1−a0z
,ℑa0 = |a0|
2, a0, z ∈ D.
(ii) ϕ(z) = (1+2a0)z+a0
1−a0z
,ℑa0 = −|a0|
2, a0, z ∈ D.
Proof. Since ϕ is a hyperbolic automorphism linear-fractional self-
map, then we have either of the following assertions:
(i) ϕ has the Denjoy-Wolff point ζ1 = 1 and a1 = a0 − 1. Hence,
ϕ(z) = (1−2a0)z+a0
1−a0z
and (4.1) turns to be ℑa0 = |a0|
2.
(ii) ϕ has the Denjoy-Wolff point ζ2 = −1 and a1 = a0 + 1. Hence,
ϕ(z) = (1+2a0)z+a0
1−a0z
and (4.1) turns to be ℑa0 = −|a0|
2. This completes
the proof. ✷
5. Normal C1−symmetric Wψ,ϕ
Recall that the anti-linear operator Au,v on H
2(D) is denoted by C1
if u and v have the forms (2.3).
Theorem 5.1. Suppose that ϕ is nonconstant, then Wψ,ϕ : H
2(D) →
H2(D) is C1−symmetric and normal if and only if
ψ(z) =
1
1− αcoz
, ϕ(z) =
(c1 − αc
2
0)z + c0
1− αc0z
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and
(c0 − αc0)(1− |c0|
2) + αc0c1 − c0c1 = 0, (5.1)
where c0, c1 ∈ D, α ∈ ∂D, z ∈ D.
Proof. Firstly, since Wψ,ϕ is C1−symmetric, by (2.5),
ψ(z) =
d
1− αc0z
and ϕ(z) =
(c1 − αc
2
0)z + c0
1− αc0z
.
Assume that ϕ(z) = az+b
cz+d
and ψ(z) = Kσ(0)(z) =
d
cz+d
. Equating the
two forms of ϕ, an easy calculation shows that a = c1−αc
2
0, b = c0 and
c = −αc0. Similarly, equating the two forms of ψ, we get d = ψ(0) = 1.
Furthermore, since σ(z) =
c1−αc20z+αc0
1−c0z
,
|ϕ(0)| = |c0| = |σ(0)|. (5.2)
Another tedious calculation shows that for each z ∈ D,
ϕ ◦ σ(z) =
(|c1 − αc
2
0| − |c0|
2)z + (c0 − |c0|
2c0 + αc0c1)
(1− αc0z)(1− c0z)
and
σ ◦ ϕ(z) =
(|c1 − αc
2
0| − |c0|
2)z + (αc0 − |c0|
2αc0 + c0c1)
(1− αc0z)(1 − c0z)
.
It follows that σ ◦ ϕ = ϕ ◦ σ if and only if
(c0 − αc0)(1− |c0|
2) + αc0c1 − c0c1 = 0. (5.3)
By (2.2), the normality follows. This completes the proof. ✷
Corollary 5.2. Suppose that ϕ satisfies the hypothesis in Theorem 5.1,
then ϕ ∈ Aut(D) if and only if it has either of the following forms:
(i) there exists γ ∈ D \ {0} and β ∈ ∂D such that ϕ(z) = γ
γα
γ−z
1−γz
.
(ii) there exist β ∈ ∂D such that ϕ(z) = βz.
Proof. By Lemma 3.2, we are only supposed to check (5.1), which
obviously holds by an easy calculation. This completes the proof. ✷
In the following, we give three examples by Theorem 5.1 when ϕ
has an interior fixed point, ϕ is of hyperbolic type or parabolic type
respectively.
Example 5.3. Suppose that ϕ has an interior fixed point p ∈ D, ϕ
is nonconstant and Wψ,ϕ : H
2(D) → H2(D) is C1−symmetric. Then
Wψ,ϕ is normal if and only if it has either of the following forms:
(i) ψ(z) = γ(1−|p|
2)
1−αpz
, ϕ(z) = p−|p|
2z
1−αpz
, where γ = ψ(p) ∈ C, z ∈ D.
(ii) ψ(z) = γ(1−αp
2)
1−αp2δ+αp(δ−1)z
, ϕ(z) = p(1−δ)+(δ−αp
2)z
1−αp2δ+αp(δ−1)z
, where γ = ψ(p) ∈
D, z ∈ D.
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Proof. As what we do in Example 4.4, equating the two forms of ψ,
we get ψ(0) = γ(1−|p|
2)
1−|p|2δ
, c0 =
p(1−δ)
α(1−|p|2δ)
. Further equating the two forms
of ϕ, we get
c0 =
p(1− δ)
(1− |p|2δ)
, (5.4)
c1 = αc
2
0 +
αc0(|p|
2 − δ)
p(δ − 1)
, (5.5)
δ − |p|2 − p(1− δ)αc0 = (1− |p|
2δ)(c1 − αc
2
0) + c0p(δ − 1). (5.6)
Substituting (5.4) and (5.5) into (5.6), by some tedious but trivial
calculation, we have that
δ(αp− p)(|p|4 − 2|p2|+ 1) = 0,
which only holds when p = αp or δ = 0 since p ∈ D. If δ = 0, then
ψ(z) = γ(1−|p|
2)
1−αpz
, ϕ(z) = p−|p|
2z
1−αpz
. Observe that under this circumstance
we must have αp = p to equate ϕ(z) = p−|p|
2z
1−αpz
and ϕ(z) =
(c1−αc20)z+c0
1−αc0z
.
Therefore, c0 = p, c1 = 0 in (2.5). If αp = p, δ 6= 0, then c0 =
p(1−δ)
1−αp2δ
,
c1 = αc
2
0 +
c0(αp2−δ)
p(δ−1)
in (2.5). Moreover, it is easily checked that c0 ∈ D
and c1 ∈ D if and only if δ 6= 1. This completes the proof. ✷
Corollary 5.4. Suppose that ϕ satisfies the hypothesis in Example 5.3.
If ϕ ∈ Aut(D), then ϕ(z) = 2p−(1+αp
2)z
1+αp2−2αpz
, z ∈ D.
Proof. Firstly consider ϕ(z) = p−|p|
2z
1−αpz
with c0 = p, c1 = 0 in (2.5).
By Lemma 3.2, if ϕ has the form (3.1), then p = βγ, (|γ|
2−1)pαβ
γ
= 0,
which implies that p = 0 since α, β 6= 0, |γ| 6= 1, which further implies
that ϕ = 0.
Moreover, we consider ϕ(z) = p(1−δ)+(δ−αp
2)z
1−αp2δ+αp(δ−1)z
with c0 =
p(1−δ)
1−αp2δ
,
c1 = αc
2
0 +
c0(αp2−δ)
p(δ−1)
in (2.5). Since β = γ
αγ
and c0 = βγ, we have
that γ = p(1−δ)
1−|p|2δ
(We still write |p|2 here instead of αp2). Equating
ϕ(z) = p(1−δ)+(δ−|p|
2)z
1−|p|2δ+p(δ−1)z
and (3.1), then comparing the constants and the
coefficients of z and z2 respectively, we have that
β =
|p|2 − δ
1− |p|2δ
(|p|2 − δ)(1− δ) = (1− δ)(1− |p|2δ), (5.7)
|p|2|1− δ|2(1− δ) = |p|2|1− δ|2(1− δ). (5.8)
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Observe that (5.8) implies δ ∈ R. Hence, by (5.7), we have that δ =
−1 since p ∈ D, which also implies that γ = 2p
1+|p|2
. Hence, ϕ(z) =
2p−(1+|p|2)z
1+|p|2−2pz
. This completes the proof. ✷
Example 5.5. There is no C1−symmetric and normal weighted com-
position operator Wψ,ϕ : H
2(D)→ H2(D) if ϕ is a hyperbolic automor-
phism linear-fractional self-map with Denjoy-Wolff point 1 ∈ ∂D.
Proof. Since ϕ is a hyperbolic automorphism linear-fractional self-
map with Denjoy-Wolff point 1 ∈ ∂D, we can assume that
ϕ(z) =
(r + 1− t)z + r + t− 1
(r − t− 1)z + r + t + 1
,
where r = 1
ϕ′(1)
> 1, t ∈ C. Equating ϕ(z) = (r+1−t)z+r+t−1
(r−t−1)z+r+t+1
and (3.1),
then comparing the constants and the coefficients of z and z2 respec-
tively, we have that
γ =
r − t− 1
α(r − t + 1)
=
α(r + t− 1)
r + t+ 1
,
which implies that r + t = 1. Hence, γ = 0, which is impossible. This
completes the proof. ✷
Example 5.6. There is no C1−symmetric and normal weighted com-
position operator Wψ,ϕ : H
2(D) → H2(D) if ϕ is a hyperbolic non-
automorphism linear-fractional self-map.
Proof. The result can be directly obtained by the remark below
Proposition 13 in [2].
Example 5.7. The weighted composition operator Wψ,ϕ : H
2(D) →
H2(D) is C1−symmetric and normal when ϕ is a parabolic linear-
fractional self-map with the Denjoy-Wolff point ζ ∈ ∂D if and only
if ψ(z) = ζ
2
ζ2−c0z
, ϕ(z) =
(ζ2c1−c20)z+ζ
2c0
ζ2−c0z
and
(ζ2c0 − c0)(1− |c0|
2) + c0c1 − ζ
2c0c1 = 0,
where c0, c1 ∈ D, z ∈ D.
Proof. Since ϕ is a hyperbolic automorphism linear-fractional self-
map, then ϕ has the Denjoy-Wolff point ζ =
1+αc2
0
−c1
2αc0
and (c1 − αc
2
0 −
1)2 = 4αc20, where the latter one implies that α =
1
ζ2
by substituting
the former one into it. Therefore, the result can be easily obtained by
what we have observed above. This completes the proof. ✷
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6. Normal C2−symmetric Wψ,ϕ
Recall that the anti-linear operator Au,v on H
2(D) is denoted by C2
if u and v have the forms (2.4).
Just as we calculate in Section 5, we should firstly equate the two
forms of ψ and ϕ. Suppose that ϕ(z) = az+b
cz+d
and ψ(z) = d
cz+d
.
Equating ψ(z) = d
cz+d
and ψ(z) =
ψ(0)(c2
0
−αc1)
c2
0
−αc1−(c1−c2)z
in (2.6), then com-
paring the constants and the coefficients of z and z2 respectively, we
have that ψ(0) = 1 and c = d(c2−c1)
c2
0
−αc1
. Therefore,
ψ(z) =
c20 − αc1
c20 − αc1 − (c1 − c2)z
=
d
cz + d
.
Further equating ϕ(z) = az+b
cz+d
and ϕ(z) =
α(αc2
0
−c1)−(|α|2c1−c2)z
α(c2
0
−αc1)−α(c1−c2)z
in (2.6),
then comparing the constants and the coefficients of z and z2 respec-
tively, we have that
a =
−d(|α|2c1 − c2)
α(c20 − αc1)
, b =
d(|α|2c20 − αc1)
α(c20 − αc1)
, c =
d(c2 − c1)
c20 − αc1
.
Substituting the expressions of a, b, c above into ϕ(z) = az+b
cz+d
, we obtain
that
ϕ(z) =
az + b
cz + d
=
α(αc20 − c1)− (|α|
2c1 − c2)z
α(c20 − αc1)− α(c1 − c2)z
.
Theorem 6.1. Suppose that ϕ is nonconstant, then Wψ,ϕ : H
2(D) →
H2(D) is C2−symmetric and normal if and only if
ψ(z) =
c20 − αc1
c20 − αc1 − (c1 − c2)z
and
ϕ(z) =
α(αc20 − c1)− (|α|
2c1 − c2)z
α(c20 − αc1)− α(c1 − c2)z
and either of the followings holds:
(i) |c1 − c2| = |αc
2
0 − c1| = |c
2
0 − αc1| 6=
||α|2c1−c2|
|α|
.
(ii) |c1 − c2| = |αc
2
0 − c1| = |c
2
0 − αc1| =
||α|2c1−c2|
|α|
and
ℑ(A− C)(A˜+ C˜) = 0.
where c0, c1, c2, d ∈ C, α ∈ D \ {0}, z ∈ D,
A = (|α|2c20 − αc1)(αc0
2 − |α|2c1), C = α(c1 − c2)(|α|
2c1 − c2),
A˜ = −α(|α|2c1 − c2)(αc
2
0 − c1), C˜ = |α|
2(c20 − αc1)(c1 − c2).
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Proof. Since σ(z) = −(|α|
2c1−c2)z+α(c1−c2)
−α(αc02−c1)z+α(c02−αc1)
, we have that |σ(0)| =
|c1−c2|
|c2
0
−αc1|
, |ϕ(0)| =
|αc2
0
−c1|
|c2
0
−αc1|
. Hence, |σ(0)| = |ϕ(0)| if and only if
|c1 − c2| = |αc
2
0 − c1|.
Furthermore, some tedious calculations show that for each z ∈ D,
ϕ ◦ σ(z) =
(D − B)z + (A− C)
(C − A)z + (E − B)
,
and
σ ◦ ϕ(z) =
(D − E)z + (A˜+ C˜)
(−A˜− C˜)z + (E −B)
,
where
A = (|α|2c20 − αc1)(αc0
2 − |α|2c1), B = |α|
2|αc20 − c1|
2,
C = α(c1 − c2)(|α|
2c1 − c2), D = ||α|
2c1 − c2|
2, E = |α|2|c20 − αc1|
2,
A˜ = −α(|α|2c1 − c2)(αc
2
0 − c1), C˜ = |α|
2(c20 − αc1)(c1 − c2).
It follows that σ ◦ ϕ = ϕ ◦ σ if and only if
(D −B)(A˜+ C˜) = (D − E)(A− C),
(A− C)(E −B) = (A˜+ C˜)(E −B),
(D −B)(E − B)− (A− C)(A˜+ C˜) =
(D −E)(E − B) + (A˜+ C˜)(C − A).
We assert that B = E by a basic deduction. Then the conditions above
turn to be
(D − B)(A˜+ C˜) = (D − B)(A− C), (6.1)
ℑ(A− C)(A˜+ C˜) = 0. (6.2)
If D 6= B, by (6.1), A − C = A˜ + C˜, which implies that (6.2) always
holds. If D = B, then (6.1) always hold. Combining what we have
observed above and (2.2), the normality follows. This completes the
proof. ✷
Corollary 6.2. There is no ϕ ∈ Aut(D) satisfing the hypothesis in
Theorem 6.1.
Proof. Substituting c20 =
1
α
|α|2βγ−α
βγ−α
c1 and c2 = (1 −
αγ
α
|α|2−1
βγ−α
)c1 into
|αc20 − c1| = |c
2
0 − αc1|, we have that |α|(|γ| − 1)(1 − |α|
2) = 0, which
implies that |γ| = 1, which is impossible. This completes the proof. ✷
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In the following, we give three examples by Theorem 6.1 when ϕ
has an interior fixed point, ϕ is of hyperbolic type or parabolic type
respectively.
Example 6.3. Suppose that ϕ has an interior fixed point p ∈ D, ϕ
is nonconstant, then Wψ,ϕ : H
2(D) → H2(D) is C2−symmetric and
normal if and only if ψ(z) = ψ(p)(1−p
2)
1−p2δ+p(δ−1)z
, ϕ(z) = p(1−δ)+(δ−p
2)z
1−p2δ+p(δ−1)z
, where
p ∈ (−1, 1), z ∈ D.
Proof. To investigate the situation of ϕ with an interior fixed point,
we should further equate the two relevant forms of ψ and ϕ.
Equating (4.2) and ψ(z) =
c2
0
−αc1
c2
0
−αc1−(c1−c2)z
, then comparing the con-
stants and the coefficients of z and z2 respectively, we have that
c20 − αc1 =
(1− |p|2δ)(c1 − c2)
p(1− δ)
, (6.3)
ψ(p)(1− |p|2) = 1− |p|2δ, ψ(p) 6= 0, c20 6= αc1, c1 6= c2. (6.4)
(In fact, if ψ(p) = 0 or c20 − αc1 or c1 = c2, then ψ is trivial.)
Further equating (4.3) and ϕ(z) =
α(αc2
0
−c1)−(|α|2c1−c2)z
α(c2
0
−αc1)−α(c1−c2)z
, then com-
paring the constants and the coefficients of z and z2 respectively, we
have that c20 − αc1 = I3(c1 − c2), αc
2
0 − c1 = I2I3(c1 − c2), |α|
2c1 − c2 =
I1(c1 − c2). Combining (6.3) and (6.4), we conclude that
c20 − αc1 = I3(c1 − c2) (6.5)
αc20 − c1 = I2I3(c1 − c2) (6.6)
|α|2c1 − c2 = I1(c1 − c2) (6.7)
I1 =
α(p2 − δ)
p(1− δ)
, I2 =
αp(1− δ)
α(1− p2δ)
, I3 =
1− p2δ
p(1− δ)
,
p ∈ R, c20 6= αc1, ψ(p) 6= 0, c1 6= c2, δ 6= 1, p 6= 0.
Substituting the expressions above into ϕ(z) =
α(αc2
0
−c1)−(|α|2c1−c2)z
α(c2
0
−αc1)−α(c1−c2)z
, we
obtain (4.3). This completes the proof. ✷
Example 6.4. There is no C2−symmetric and normal weighted com-
position operator Wψ,ϕ on H
2(D) if ϕ is a hyperbolic linear-fractional
self-map.
Proof. The result can be directly obtained Corollary 6.2 if ϕ is a hy-
perbolic automorphism linear-fractional self-map and by the remark
below Proposition 13 in [2] if ϕ is a hyperbolic non-automorphism
linear-fractional self-map.
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Example 6.5. The weighted composition operator Wψ,ϕ : H
2(D) →
H2(D) is C2−symmetric and normal when ϕ is a parabolic linear-
fractional self-map with the Denjoy-Wolff point ζ ∈ ∂D if and only
if
ψ(z) =
c20 − αc1
c20 − αc1 − (c1 − c2)z
,
ϕ(z) =
αζ2(c1 − c2)− (2αζ(c1 − c2)− α(c
2
0 − αc1))z
α(c20 − αc1)− α(c1 − c2)z
,
(|α|2c1 − c2 + α(c
2
0 − αc1))
2 = 4|α|2(c1 − c2)(αc
2
0 − c1)
and Situation (i) or (ii) in Theorem 6.1 is satisfied, where c0, c1, c2, α ∈
D \ {0}, z ∈ D.
Proof. Since ϕ is a hyperbolic automorphism linear-fractional self-
map, then ϕ has the Denjoy-Wolff point ζ =
(|α|2c1−c2)+α(c20−αc1)
2α(c1−c2)
. Some
trivial but tendious calaulstion shows that αζ2(c1 − c2) = α(αc
2
0 − c1).
Note that
ζ2 =
(|α|2c1 − c2 + α(c
2
0 − αc1))
2
4α2(c1 − c2)2
=
α(αc20 − c1)
α(c1 − c2)
.
Hence, the result can be easily obtained by what we have observed
above and some tedious calculation. This completes the proof. ✷
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